Aspects of metabolic regulation can be fruitfully studied with a combination of generic modelling, control analysis and graphical analysis using rate characteristics. This paper analyses a prototypical supply-demand system consisting of a biosynthetic subsystem subject to allosteric inhibition by its product and a demand process that consumes this product. T h e effect of changes in affinity of the committing supply enzyme for the pathway substrate on the regulatory properties of the supply subsystem is compared for the Monod-WymanChangeux and the reversible Hill allosteric enzyme models. We found that the Hill model has a distinct advantage in that the steady-state concentration at which it maintains the product is set by the half-saturating product concentration and is independent of changes in the degree of saturation for substrate. In contrast, with the MonodWyman-Changeux model this set point varies with affinity for substrate. Explicitly incorporating reversibility in all rate equations made it possible to distinguish between kinetic and thermodynamic aspects of regulation. Combining the supply and demand rate characteristics allows us to explore both the control distribution at steady state and the regulatory performance of the system over a wide range of demand activities.
Introduction
In retrospect the subject of metabolic regulation, which had its heyday in the 1950s and 196Os, was arrested in terms of its conceptual development by the advent of the discovery of the structure of DNA and the subsequent shift in interest to molecular biology and molecular genetics. However, in the post-genomic era the inevitably turning wheel of science has rekindled an interest in regulatory aspects of integrated cellular processes. Evidence for this is the worldwide proliferation of research units that focus on integrative and systems biology. Of course, in biochemistry the systems approach never died; a core of researchers kept the flame burning; the development of metabolic control analysis [1,2] and biochemical systems theory [3] during the last three decades of the 20th century are but two examples. An indispensable part of this endeavour is the building of computer models that serve as tools for both prediction and understanding. However, in the modelling of metabolic systems in particular there is a generally unrecognized problem : the need for physiologically realistic rate equations for enzyme-catalysed reactions. How can this be a problem, given the vast literature on enzyme kinetics, a field seemingly exhausted and relegated to textbooks ? It is because enzyme kinetic studies had as their major aim the elucidation of enzyme mechanisms rather than the development of rate equations for integrative modelling. T h e rate equations that result from mechanistic studies are often irreversible and their parameter values valid for assay and not necessarily for intracellular conditions. Moreover, it is of little help that by either the reversible Hill rate equation [S] : of a rate equation, even when a reversible form is available. More serious is that whereas these rate equations may adequately describe a particular set of experimental results or a particular aspect of enzyme behaviour, such as co-operativity, they may misrepresent other important aspects of enzyme function that contribute to metabolic regulation.
Metabolic modelling is increasingly used not only for simulating experimentally obtained results with a view to prediction, but also for developing a general understanding of the behaviour, control and regulation of catalysed reaction networks. Of central importance for the latter is the use of rate equations that do not distort the kinetic and thermodynamic properties of the modelled system. At first glance it may seem textbooks usually give only the irreversible form Parameter values have been chosen to conform to our existing knowledge of such systems. In generic models of this type the choice of equilibrium constants is arbitrary, but this does not affect our findings; however, by assigning the reaction catalysed by El a larger equilibrium constant than the other two supply enzymes we acknowledge the fact that an allosterically inhibited committing enzyme often either has a large equilibrium constantper se, or that the equilibrium concentration ratio of a substrate/product pair in a bisubstrate/biproduct reaction is kept low by a high ratio of the other substrate/product pair.
Two design aspects of the supply system should be emphasized. T h e first is that both EHill and EM,, have been made kinetically insensitive to their direct product A, which again agrees with existing knowledge. For EHill this means a very
Scheme I
A metabolic system consisting of a biosynthetic pathway for product P and a demand process that consumes P
The committing enzyme E, is subjectto allosteric end-product inhibition by P. 
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" ld 21 high a, 5 ; for E, , , . the kinetic insensitivity to A is inherent in the form of eqn (2) because its concentration a does not appear. In controlanalytic terms this means that we consider the kinetic component of the elasticity coefficient ~l ) , l to be zero [13] (an elasticity coefficient E: of rate v with respect to concentration x is defined as alnv/alnx). So doing we ensure that both EHin and EM,, control the supply flux under all conditions except near equilibrium, where A does of course affect the rate through the 1 -T / K e , term.
In the following we make an important distinction between supply and demand fluxes on the one hand and the system flux on the other. T h e supply flux, Jsupplyr and demand flux, Jdpmand, are always measured in isolation, i.e. P is considered to be a clamped parameter of the system under the control of the modeller or experimenter. Under these conditions Jsupply and Jdpmand are independent, local steady-state fluxes ; their variation with p produce the supply and demand rate characteristics depicted in Figures l(a) and l(b). Because they are independent there is no reason why they should agree at any particular value ofp. However, when in the complete system the supply and demand blocks are coupled by P, i.e. when P is considered to be a systemic variable, the coupled system reaches a steady state at the intersection of the supply and demand rate characteristics : where called the system flux, JSyStem, and the concentration of P the steady-state concentration, j (see With this in mind we note again that the kinetic insensitivity of El to its product A implies only that El controls Jsupply, and not necessarily Jsystem, the control of which depends on the ratio of the supply and demand elasticities measured at steady state in the coupled system; the higher this ratio the more the demand controls J,,,,,, [7,12].
This point of view resolves the apparent paradox of a supply enzyme that has a high Js,,,,y-control coefficient and yet, at the same time, has no control over the system flux, JSyStem, a fact already pointed out by Kacser and Burns in their introductory paper to control analysis [14] (see also [8] ) and the subject of considerable misunderstanding [ 1 51.
The second design aspect is that the activities of E, and E, are much higher (5-fold) than that of El. Under the modelling conditions that yield the results in Figure 1 this ensures that these two intermediary enzymes are near equilibrium throughout and that the steady-state concenJsupply --Jdemand. This value of the flux will be [121).
trations d and 6 vary with p in the proportions 1 : 10: 100 (the equilibrium constants of reactions 2 and 3 both being 10). As shown elsewhere [lo], this also causes a fast transition time between steady states. Together these design decisions ensure that the rate behaviour of the supply subsystem is dominated by the properties of El, a situation which we believe to be a realistic point of departure.
The effect of saturation by pathway substrate on allosteric inhibition
T h e experiment in silico described here consists of calculating, at different values of so5 for E,,,, or of K , for E,,,., the rate characteristics of supply and demand at fixed s for a broad concentration range of p up to its equilibrium value (for how variation in the other parameters in the Hill equation affect the supply rate characteristic, see [10, 11] ). We vary so or K , and not s itself because variation in s would also affect the equilibrium concentrations of P and the other metabolites, which would in turn have an additional effect on Jsupply. Varying the affinity of El for S eliminates all these side-effects and makes it possible to study only the effects of a change in the degree of saturation of E, by S.
T h e pronounced qualitative differences between the supply rate characteristics of the two systems can be clearly seen in Figures l(a) and l(b). At low saturation by S (s/so values below l), the Hill system (Figure la) shows four distinct regions as indicated by the circled numbers: (1) a plateau where Jsupply is insensitive to P, which represents the upper flux-carrying capacity of the supply; (2) a region, at concentrations of P far from its equilibrium value of 40000, where Jsupply responds sensitively to variations in p -this is the region of kinetic regulation of Jsupply by P ; (3) a plateau that represents the lower limit for kinetic regulation of Jsupply by P and which is a function of the strength of allosteric modification, parameter a in eqn (l), and (4) a region near equilibrium where Jsupply is extremely sensitive to variation in p -this is the region of thermodynamic regulation of Jsupply by P. Most importantly, as the degree of saturation of E,,,, by S increases above 1 the capacity for kinetic regulation of Jsupply by P decreases, i.e. P becomes less effective as an allosteric inhibitor of E,,,,. At s/s, d 0.01 kinetic regulation is abolished (regions 2 and 3 vanish) and JsupPly can only be thermodynamically regulated by P at values near equilibrium.
Contrast the qualitative form of the rate characteristics in Figure l(b) of the supply system that contains the Monod-Wyman-Changeux enzyme with that containing the Hill enzyme in Figure l(a) . Three differences stand out: (i) there is no region 3, i.e. there is no lower limit to kinetic regulation of J,uppl, by P; (ii) the concentration range in which P kinetically regulates Jsupply shifts to higher p with increasing saturation of EM,, with S (in contrast to the Hill system where this range is unaffected by changes in the degree of saturation and is determined only by P , .~, the half-saturating concentration for P of EHill) and (iii) an increase in affinity of EM,, for S does not abolish the kinetic regulation of Jsupply by P as it does for EHill. As values of EHill, P has lost its allosteric inhibitory capacity, while at low K, values of EM,, the concentration region in which P affects the supply rate has shifted so far to the right as to coincide with the region of thermodynamic regulation.
How do these differences in the regulatory behaviour of the Hill and Monod-WymanChangeux supply systems affect their function when coupled to demand? If the demand is insensitive to p (~F m a n d + 0), it controls Jsystem; here the allosteric enzyme E,, which controls Jsupply in the isolated supply system, has no control over J,,,,,, in the coupled system [7, 8, 12 ]. This situation is obtained in Figures l(a) and l(b) . The affinity of the demand for P has been chosen to be very high so that the demand system is saturated by P for most of the concentration range considered. It should be clear just by inspection that, irrespective of whether the steady state falls in region 2 (far from equilibrium) or region 4 (near equilibrium), the demand continues to control J,,,,,, (changes in supply or demand activities can be visualized by simple vertical displacements of the rate characteristics; this is a pleasing aspect of our use of log-log rate characteristics, the formal reasons for which are explained in [13] ). Only at high-demand activities that exceed the fluxcarrying capacity of the supply (where the steady state falls in region 1) does the supply take over control of J,,,,,,.
Note that if an irreversible Hill equation were to be used region 4 would be absent so that at demand activities lower than supply region 3 the rate characteristics would not intersect and a steady state would not exist. This is an artifact and is one reason for never choosing irreversible rate equations.
We have pointed out previously [7, 8, 12 ] that the function of the supply subsystem in a system where flux is controlled by demand is to determine both the steady-state concentration and the degree of homoeostasis of the coupling metabolite, P in the present case. Control analysis of supply and demand [12] shows that the degree of control over 4 of both supply and demand is equal to the inverse of the sum of the absolute values of the supply-and-demand elasticities with respect to P (these elasticities are simply the slopes of the log-log rate characteristics at steady state). Therefore, the higher this sum the better the homoeostasis in j. If, as in our model, the demand elasticity tends to zero, the degree of homoeostasis is determined solely by the supply elasticity with respect to P. T h e slope of the supply rate characteristic of the Hill system in the region of kinetic regulation is determined by the Hill coeffficient, while that of the Monod-Wyman-Changeux system is a joint function of the number of subunits n and the equilibrium constant L for the T , e R , Changeux model in that it is able to maintain j homoeostatically at a set point far from equilibrium that is independent of sob. On the other hand, the Monod-Wyman-Changeux model has no lower limit to kinetic regulation as does the Hill model (region 3), which may seem an advantage until one realises that the Hill limit can be lowered for any particular value of sob by decreasing the parameter a, i.e. increasing the strength of inhibition.
Discussion
T h e reversible Hill and Monod-WymanChangeux rate equations compared in this study both derive from a kinetic version of the Adair model for equilibrium binding to an oligomeric enzyme [6, 16] . T h e reversible Hill model follows the Adair model by assuming that the free enzyme and fully liganded enzyme occur [5] . In contrast, the Monod-Wyman-Changeux model assumes that in the absence of ligands an equilibrium exists between two forms of the enzyme, one in which all the subunits have a conformation that binds the substrate weakly or not at all (the T form), and one in which all the subunits have a conformation that binds the substrate more strongly (the R form) [4].
Although there are versions of the MonodWyman-Changeux equation that allow for different limiting activities of the R and T forms, the usual form, which is also used in this paper, is the 'perfect K ' form where both the R and T conformations have the same limiting activity. The 'perfect K ' form of the Monod-WymanChangeux model is itself a kinetic form of the Adair equation. Which of the two models in this study is more realistic from a physiological point of view ? In any particular situation only experiment can provide the answer. However, the results of our modelling exercise show that the differences in the effects of the two rate equations on the regulatory properties of the system cannot be ignored. Even so, in [S] we showed that the reversible Hill equation provides an excellent approximation to the reversible Adair equation, which, in turn, probably provides a more appropriate basis for modelling co-operative and allosteric phenomena because it makes less restrictive assumptions than, for instance, the Monod-Wyman-Changeux model. From the standpoint of regulatory design the Hill model has a significant advantage over the Monod-Wymanmodelling program such as Gepasi [17] or Jarnac Textbook wisdom creates the expectation that the steady concentration of a substrate should be around the so,5 value of its enzyme. However, the reasons given are usually couched in terms of an interplay between sensitivity of rate with respect to s and use of the catalytic capacity. Our analysis provides a different point of view: for an allosterically regulated enzyme one would expect the cell to buffer its substrate at or below its so,5 because higher concentrations could seriously compromise the regulatory effectiveness of the enzyme. On the other hand, a demand enzyme should be saturated by its substrate in order to ensure that it controls the system flux.
We hope that this study has again demonstrated the utility of combining generic modelling not only with control analysis, but also with graphical analysis using rate characteristics, which allows visualization of the control characteristics around the steady state and also provides a global picture of the regulatory properties of a supply-demand system. on the assumption that in systems of this kind the system flux is controlled by demand. Is this justified? We have argued before [8, 12] that, from an economical point of view, flux control by demand is a necessity. For a factory (and this is precisely what the supply subsystem of the model treated in this paper is) to function efficiently and competitively the rate at which it produces commodity must be sensitive to consumer demand, albeit only for a restricted range of demand. From this point of view one would also expect the factory to possess some mechanism that senses the size of the internal product pool and keeps it both small (far from equilibrium) and relatively constant in the face of changes in consumer demand (homoeostasis). We invite the reader to explore these issues by building the Stellenbosch organism with a 
U81.
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Abstract
A complete description of the regulation of metabolism in even a single cell will be very hard to achieve, enormous and indigestible. However, there are two powerful ways to simplify the complexity. Firstly, related processes and intermediates can be grouped into a small number of modules, and the regulation of the simplified system can be studied. Secondly, control analysis can be used. With these simplifications to illuminate the important regulatory features, even a full description could be made intellectually and experimentally accessible without distorting the essential regulatory features. Modular control analysis is powerful because it can quantify the relative importance of different flows of regulatory information through any metabolic, physiological, signalling or transcriptional network. It can answer global questions about the importance of different pathways mediating any change to a system. I t has been used to analyse how cadmium, a poison with multiple effects, changes oxidative phosphorylation in isolated mitochondria, and to quantify the regulation of energy metabolism in hepatocytes. I t has been used to measure how energy metabolism is regulated during mitogen stimulation of thymocytes, quantifying the relative importance of different signalling pathways and how each pathway contributes to the activation of energy metabolism. Recently, we have applied modular control analysis to modern DNA microarray expression profiling to measure the importance of different groups of mRNA transcripts in mediating physiological responses.
Introduction
T h e pathways of metabolism and cell biology consist of complicated networks of interacting molecules. These networks contain regulatory systems that orchestrate and co-ordinate their activities in response to internal and external demands. A complete quantitative description of the regulation of such networks will be very hard to achieve. When such a description is made, it will be enormous and indigestible, making it difficult for the human mind to understand. Fortunately, the simplifications, generalizations and organizing principles that will be needed to understand the full description can be applied to much simpler and digestible descriptions of cellular function. By grouping related processes into a small number of modules, and using modular control and regulation analysis to illuminate the important regulatory features, even a full description could be made experimentally and intellectually accessible without distorting the essential regulatory features.
Metabolic control analysis
Metabolic control analysis [ 1 4 ] can be used to describe and quantify control and regulation in complex systems. Most experimental applications have been restricted to classical metabolic pathways and to the measurement of control coefficients, which describe how strongly each reaction controls the different variables in a system (the fluxes and the concentrations of intermediates). Flux control coefficients express the change in the rate of a pathway that would be caused by a small change in the activity of a reaction. Concentration control coefficients express the change in a metabolite concentration that would be caused by the same change in activity. Small values denote little control, while values near 1 show that the reaction has strong control. The strength of control exerted by a particular reaction is a system property: it
